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Last class

Geometric interpretation of Determinant (signed area/volume)
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However
Why is the formula for the determinant (ad − bc), natural?

It is in the elimination process!
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Hostory behind the Determinant
It was not invented as an abstract algebraic object

17th century noticed this number appearing, unavoidably, in the
denominator
Leibniz (1690s) was the first to study this denominator quantity
systematically
Cramer (1750s) introduced the formula (w/o the proof) as the ratio
of two determinants
Vandermonde (1770s) treated the denominator expression as a
mathematical object in its own right
Laplace (same time) proved the cofactor expansion theorem
Determinant came from the Latin determinare, to determine (Gauss
used it in 1800s)
Cauchy (1815) the first comprehensive, organized treatment of
determinants as a theory
Jacobi (1840s) systematized the theory further and connected
determinants to calculus
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Determinant

Historical order: solve equations → notice a denominator → study
that denominator → discover its properties → realize it measures
volume

Teaching order: volume → axioms → formula → solve equations
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Let’s consider the 3 × 3 case

let’s define the determinant from the three axioms

A1 (Normalization): det(I) = 1
A2 (Alternating): swapping any two columns flips the sign
A3 (Multilinear): det is linear in each column separately
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Multilinearlity

Credits: Nick Alger
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Let’s consider the 3 × 3 case
A =

[
a1 a2 a3

]

Expand each column in the standard basis

a1 =a11e1 + a21e2 + a31e3

a2 =a12e1 + a22e2 + a32e3

a3 =a13e1 + a23e2 + a33e3

By multilinearity (pull sum out of each column slot)
det(A) =

∑
i

∑
j

∑
k ai1aj2ak3 det(

[
ei ej ek

]
)

det(ei, ej , ek) = 0 when indices match → kills many of these 27 terms
Only 6 survive (permutations of 1, 2, 3)
det(ei, ej , ek) = sign(σ) where σ is the permutation (i, j, k)
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Determinant of a 3 × 3 matrix

det(A) = a11a22a33−a21a12a33−a31a22a13−a11a32a23+a21a32a13+
a31a12a23
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Determinant of a n × n matrix

Leibniz formula :

det(A) =
∑

σ∈Sn

sign(σ) · aσ(1),1 · aσ(2),2 . . . aσ(n),n

Dr. Konda Reddy Mopuri MT-19/Determinants II 10



Cofactor expansion (Laplace’s Theorem)

Minor Mij : Determinant of (n − 1) × (n − 1) submatrix removing
row i and column j

Cofactor Cij = (−1)i+j · Mij

det A = ai1Ci1 + ai2Ci2 + . . . + ainCin

det A = a1jC1j + a2jC2j + . . . + anjCnj
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Cofactor expansion (Laplace’s Theorem)

det A = ai1Ci1 + ai2Ci2 + . . . + ainCin

det A = a1jC1j + a2jC2j + . . . + anjCnj

The value of det(A) is the same regardless of which row or column
you expand along. Choosing a row or column with many zeros mini-
mizes computation.
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Determinant of Triangular matrices

det(upper or lower triangular) = product of diagonal entries
(can also be proved with row operations)
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det A = det AT

det(A) =
∑

j

a1j · (−1)(1+j) · det(M1j(A))

det(AT ) =
∑

j

(AT )j1 · (−1)(j+1) · det(Mj1(AT ))

=
∑

j

a1j · (−1)(1+j) · det(Mj1(AT ))
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Some more properties

If two rows of A are equal, then det A = 0 (sign change for row
swapping)

Subtracting a multiple of one row from another row leaves the same
determinant
If A has a row of zeros, then det A = 0
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det AB = det A · det B

Every invertible matrix is a product of elementary matrices (Gaussian
elimination)

Multiplicativity holds for elementary matrices directly from the
row-operation properties
det A−1 = 1

det A

det A is the product of the pivots
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Next

Eigenvectors Ax = λx
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