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Motivation

Given a square matrix A, can we associate one number with it that
tells us something fundamental about the transformation x 7→ Ax?
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Does A squash space into a lower-dimensional space?
How much does A stretch/compress area or volume?
Does it preserve or reverse orientation?
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Motivation

Determinant is the answer!
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Determinant of a 2× 2 matrix

For A =
[
a b
c d

]
, det(A) = ad− bc
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Geometric Interpretation

Columns form a parallelogram

Determinant gives its ‘signed area’
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Area of the parallelogram

Area = ∥a∥∥b∥ sin θ = ad− bc
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Determinant of a 3× 3 matrix

For A = [a b c], det (A) = a · (b× c)

|det(A)| = Volume of the parallelepiped

For A =

a b c
d e f
g h i

 , det A = a(ei− fh)− b(di− fg) + c(dh− eg)
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Area of the parallelepiped
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Area of the Parallelepiped

What happens if the three columns lie in the same plane?

The volume becomes zero.
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Area of the Parallelepiped

What happens if the three columns lie in the same plane?
The volume becomes zero.

det A = 0 ⇐⇒ Columns are linearly dependent!
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Determinant of a matrix

Determinant is a measure of how a linear transformation changes
oriented volume.
In otherwords, Determinant = Signed volume scaling factor
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2D example

Consider, A =
[
1 1
2 2

]

Now consider the unit square formed by (0, 0), (1, 0), (0, 1), (1, 1)
Both the basis directions have become the same direction!
The square that originally had area 1 is transformed into a line
segment. Collapse!
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Doesn’t mean everything is zero!

When det A = 0, it does not mean Ax = 0 for every x.

It means that at least one dimension has been lost
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Why does volume become zero?

When will the area of the parallelogram be zero?

When the sides coincide, i.e., the columns of the matrix are
dependent!
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n-dim picture

v1, v2, . . . , vn 7→ Av1, Av2, . . . , Avn

An n-dimensional transformation can potentially preserve n
independent directions
If they become linearly dependent, one or more dimensions disappear
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n-dim picture

v1, v2, . . . , vn 7→ Av1, Av2, . . . , Avn

An n-dimensional transformation can potentially preserve n
independent directions
If they become linearly dependent, one or more dimensions disappear

Rank tells us how many dimensions survive the transformation!
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Summary so far

Dr. Konda Reddy Mopuri MT-18/Determinants 18



Properties of Determinant



Determinant of Identity (I)

Under Identity, the unit square/cube remains the same
→ det I = 1
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Swapping two rows

Reverses the orientation
det(PA) = − det A, for a single row swap
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Multiplying a row by a constant

Scaling one direction by c scales volume by c

det(A′) = c · det(A)
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Adding a multiple of one row to another

Ri ← Ri + cRj doesn’t change the volume
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Next

Continue with Determinants
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