Illl a-céaxm- éesam raa-du-ar-ﬁ
nu n Institute fTh Ingyd abad

Matrix Theory
15 Least Squares

Dr. Konda Reddy Mopuri
Dept. of Al, IIT Hyderabad

July-Nov 2026

Dr. Konda Reddy Mopuri MT-15/Least Squares 1


https://krmopuri.github.io/mt26
https://krmopuri.github.io/

U n t i I n OW Illl ?J‘Gz‘!oﬁ F0388 ams .e;:;ziw-s

Indlan Institute nf Technology Hyderabad
e o 1

o Az = b either has a solutions or not
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o Az = b either has a solutions or not

o If bis not in C'(A) no solution (inconsistent; Elimination fails)
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o Ax = b either has a solutions or not
o If bis not in C(A) no solution (inconsistent; Elimination fails)

o Inconsistency is more likely when there are more equations than

variables
M >y

.
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2:L‘:b1
3.’E=b2
4x:b3
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o Solution exists if b lies on the same column as a = (2, 3,4)
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o Despite their unsolvability, they exist in practice
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o Despite their unsolvability, they exist in practice
o What to do?
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o Despite their unsolvability, they exist in practice "DDD —_

o What to do?

o Can we consider a subset of the system of equations? — no error on
some, large error on others
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o Hard to justify when all the equations come from the same system

—_—
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o Hard to justify when all the equations come from the same system

o Choose the x that minimizes “an average error" in all equations
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o Most convenient form of an average error:

E? = (22— b1)% + (32 — b2)? + (3 — b3)? v
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MSE
pcE

o Most convenient form of an average error:
E? = (22— b1)% + (32 — b2)? + (3 — b3)?
o Called, the sum of squares error (SSE) Luen %’ v

evos]
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o Most convenient form of an average error:
E? = (22— b1)% + (32 — b2)? + (3 — b3)? >0 b ¢—C@
o Called, the sum of squares error (SSE) ~
o Its minimum value is 0 — exact solution
6
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o In case of b not proportional to a, error E? is a parabola
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o In case of b not proportional to a, error E? is a parabola

o Where does the minimum error occur?
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o In case of b not proportional to a, error E? is a parabola
o Where does the minimum error occur?

o At the lowest point, where the derivative is zero
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E? = (20 — b1)? + (3x — ba)? + (32 — b3)?

CZ_ZQ = 2[(22 — b1)2 + (3 — bo)3 + (4x — b3)4] =0 o

I
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E2 = (21’ — b1)2 =+ (31’ — b2)2 + (32? — b3)2

dE?
— =2((20 —b)2 + (3x — b2)3 + (4o — by)4] = 0

2b1+3ba+4bs __ aTb

LS solution of this system ax = b, denoted by & = 3T = oTa
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General case

o Solve axr = b by minimizing ||ax — b||?
L
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General case

o Solve axr = b by minimizing ||ax — b||?
o E? =Y"(a;x —b;)? = (a1x — b1)?

4 (amx —
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o Solve axr = b by minimizing ||ax — b||?

o E?2=Y"(a;x —b;)? = (a1 —b1)® + ... + (amz — bp)?

o The derivative of E? is zero at the point Z, if -
(a1 — b1)ag + (ae® —b2)ag + ... + (am@ — by)am =0
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o Solve ax = b by minimizing ||ax — b2
o E? =YM(a;x — b))% = (a1z —b1)* + ... + (amx — biy)?
o The derivative of E? is zero at the point %, if ~ a:rb
(a1Z — br)ar + (aeZ — ba)as + ...+ (amZ — by)am =0 f ==

. . .. - é
@ We are minimizing the distance from b to the line through a! o' €=

A

ar=b
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o We are minimizing the distance from b to the line through a

o LS solution to ax = b in one unknown is

4= a1bi+asbo+..4ambm _ a’b \/
a?+a3+..+a2,
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Least Squares problem with multiple variables
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LS with multiple variables
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o Instead of one column and one variable, we have Az = b, where
Apmxn and (m > n)
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o Instead of one column and one variable, we have Az = b, where
Apmxn and (m > n)

o It is expected to be inconsistent (b is outside C'(A))
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LS with multiple variables

o Problem is to find £ that minimizes the error
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o Problem is to find £ that minimizes the error
o Error E = ||Az — b||
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o Problem is to find £ that minimizes the error
o Error E = ||Az — b|| b
o Distance from b to the/p:ant Az int
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Searching for the least-squares solution Z, which minimizes F, is the
same as locating the point p = AZ that is closer to b than any other
point in the column space.

Dr. Konda Reddy Mopuri MT-15/Least Squares 15


iPad Pro 12.9" 5

iPad Pro 12.9" 5

iPad Pro 12.9" 5


Il a-csécm 0388 2 80 P0erd

LS with multiple variables

Indlan Institute ufTechnoIogy Hyderabad
v i o

o p must be the projection of b on to the column space of A
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o p must be the projection of b on to the column space of A

o The error b — AZ is orthogonal to the space.
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o p must be the projection of b on to the column space of A

o The error b — AZ is orthogonal to the space. ~

o It must be orthogonal to each column ay,as,...a, of A
al(b—Ax)=0 af
- or : b—Ax| =0

al(b—AX) =0 q,

—

B
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o p must be the projection of b on to the column space of A

o The error b — AZ is orthogonal to the space.

o It must be orthogonal to each column ay,as,...a, of A szb
aT(bfAfcj =0 al \),
or E ~
al(b—Ax X

A)
o AT(b AZ) = ®and AT Az = AT k_))
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o Calculus way: partial derivative of E? = (A% — b)T (A% — b)

. —
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o Calculus way: partial derivative ofﬁ_: (Az —b)T (A% —b) —
o This gives, 24T Az —2ATh =0 — AT Az = ATb MIA apae
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Normal equations
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o AT Az = ATy
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o ATAz = ATy
o Solution has the property that the residual vector e = b — A% is
orthogonal/normal to the column space of A
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o ATAz = ATy
o Solution has the property that the residual vector e = b — A% is
orthogonal/normal to the column space of A

o It's normal to the plane spanned by the predictors.
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When Az = b is inconsistent, its least-squares solution minimizes

Az — b|2”
Normal equations: AT Az = ATb ‘/
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When Ax = b is inconsistent, its least-squares solution minimizes
| Az — b]|2:
Normal equations: AT Az = ATb

AT A is invertible if A is full-column rank. The best estimate =
(ATA)*lATb
=

/ffk > % fen A =
W‘Yﬂ
ml
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When Az = b is inconsistent, its least-squares solution minimizes
| Az — b]||2: NV

Normal equations: AT Az = ATb

———

AT A is invertible if A is full-column rank. The best estimate =
(AT A)~1 AT

Projection of b onto the column space is the nearest point AzZ :

p= A% = A(ATA)TATH
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Example

o Az = b has no solution
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o Az = b has no solution
o AT Az = ATb gives the best solution v
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o Ax = b has no solution
o AT Az = ATb gives the best solution
o C(A) is the zy plane in 3D
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A=11 3|b=|5
0 0 6

o Ax = b has no solution

o AT Az = ATb gives the best solution

o C(A) is the xy plane in 3D

Projection of b = (4,5,6) onto this is (4,5,0

©

) ~
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A= b= 1[5
6

13
0 0

o Let's confirm by working with normal equations
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A=1|1 3|b=15
0 0 6 )
ATA 4\\: ”n K
—_
o Let's confirm by working with normal equations
1 2
110 2 5| 7
o ATA = [ ] 1 3| = l ]
2 1
3 0 0 0 5 13
—
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A=1|1 3|b=|5
0 0 6

o Let's confirm by working with normal equations

1 2
OATA:F 1 0] L 3 :F 5]

23 0], o 5 13
4
110 9
T, __ _
°Ab_l230]2_l23]
Ll

Dr. Konda Reddy Mopuri MT-15/Least Squares 23


iPad Pro 12.9" 5


Example Il
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A= 1|1 3|b= |5
0 0 6
o Let's confirm by working with normal equations

©

1 2
ATA:F 1 0] L 3 :F 5]

23 0/, ¢ 5 13
4
110 9
T, __ _
°Ab_l2 3 0] 2 _lz’l
. Ty Rt #
o Solve for 2 lQ o |9] k2 ’
5 13 |23 %'.},,9, ;}Lg_\
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Example | .
1 2 4 e 2t o
A= 1|1 3|b= |5
00 6
o Let's confirm by working with normal equations
o ATA = 110 i ; _ 12 5 A 4\
2 30 0 0 “ 15 13
) g~ [
1 10 4 9 3 Y _
Ty _ _ I ‘
oAb lz 3 0] 2 l23] r
2 5 9 0 © o
o Solve for & l5 13 ‘23]

o Projection p = AZ
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o Does the third equation matter? ~
It 3 ) ) 1255
-
= S\E
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What if b lies in C(A)
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o Symmetric ( ‘I,J > m}_,y

Dr. Konda Reddy Mopuri MT-15/Least Squares

29


iPad Pro 12.9" 5

iPad Pro 12.9" 5

iPad Pro 12.9" 5

iPad Pro 12.9" 5


Cross-Product Matrix AT A || e

Indian Institute of Technology Hyderabad
v i o

o Symmetric /
o AT A has the same nullspace as A (nullspaces are identical
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Cross-Product Matrix AT A || e

Indian Institute of Technology Hyderabad
v i o

o Symmetric
o AT A has the same nullspace as A (nullspaces are identical)

o — if the columns of A are independent, then AT A is invertible
- —_—
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o Closest point to bis p = A(ATA)~1ATh
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Next

o LS fitting of data
o Orthogonalization (Gram-Schmidt)
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