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So far in FoML

Intro to ML and Probability refresher
MLE, MAP and fully Bayesian treatment

Supervised learning

Q.
b.
C.
d.

Linear Regression with basis functions
Bias-Variance Decomposition
Decision Theory - three broad classification strategies

Neural Networks

Unsupervised learning

Q.

K-Means, Hierarchical, and GMM for clustering
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For today

e Latent Varioble Models
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Supervised vs. Unsupervised learning

e Data {X, T} is given e Data {X}is given

e Goal: mapping f(x) = t e Goal: interesting aspects of data
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Latent Variable Models

e Model complex distributions with more Latent variable

(unobserved)
tractoble representation =
o Viaz
X

Observed variable
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Latent Variable Models

e Model complex distributions with more Latent variable

(unobserved)
tractoble representation =
o Viaz
e Continuous latent variable ‘7’
X

p(z) =
Observed variable
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Latent Variable Models

e Model complex distributions with more Latent variable

(unobserved)
tractoble representation =
o Viaz
e Discrete latent variable 7
X

p(z) =
Observed variable
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GMM in terms of discrete latent variables

e Gaussian mixture distribution can be written as a superposition of

multiple Gaussians

p(z) =
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GMM in terms of discrete latent variables

e Let'sintroduce a K-dim binary random variable 7

o 1-of-K representation
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GMM in terms of discrete latent variables

e We shall define the joint distribution in terms of the conditional

and marginal

p(x,2z) =
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GMM in terms of discrete latent variables

e The marginal over the latent variable is expressed in terms of the

mixing coefficients
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GMM in terms of discrete latent variables

e T[he conditional distribution of x given a particular value of z is a

Gaussian

p(x|zp = 1) =

p(x|z) =
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GMM in terms of discrete latent variables

e Conditional probability of z given x

v(zk) = p(2e = 1|x) =
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GMM example

0.5

000 samples from marginal p(x)
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GMM example
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o [Left] some samples drawn from the joint of distribution p(x/z) p(z)

o Complete dataset (doesn’t ignore the latent variable)
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GMM example
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e [Right] same samples with colors representing the «(z)
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Modeling the data with GMM
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Modeling using GMMs

e Data of iid observations {X17 X2,

e The Log-likelihood is given by

In p(X|mr, p, X) =
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Modeling using GMMs

e Setting the derivatives of the Log-likelihood gives

1 N N
e = ;'Y(znk:)xn B = gv(znk)
1 N
S N, ZV(an)(Xn — ) (Xn — i)
n=1
K
Ny, Inp(X|m, 1, ) + A (Z T — 1)
T = W k=1
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Modeling using GMMs

e Setting the derivatives of the Log-likelihood gives

N Note that these are not ‘closed from'’

1 .
pp = — Z Y(Znk ) Xn solutions because of the dependency of Y(2k)
s n=1
N _ p(zr = )p(x|zr = 1)
1 . Vo) =pla=1p) =
= 5 (o) (e — ) — 1) $rts = i =1
n=1 _ Jﬂ'kN(x|“k k)
ij (x|p;, =

Nk

=N
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EM algorithm for GMM

EM for Gaussian Mixtures

3. M step. Re-estimate the parameters using the current responsibilities

N

Given a Gaussian mixture model, the goal is to maximize the likelihood function wry = L} Z N Zts VX, (9.24)
with respect to the parameters (comprising the means and covariances of the Ny n=1
components and the mixing coefficients). TR

Enew = nk i — new e — r{ew H iy 9.25

1. Initialize the means p,, covariances X and mixing coefficients 7y, and k Ny, nzﬂ V(Znk) (xn — ™) (x e e
evaluate the initial value of the log likelihood. Ny a

2. E step. Evaluate the responsibilities using the current parameter values e = N (9.26)

TN (Xn | s, B where
V(znk) = (nlptr, Be) (9.23) N
Ne = 7(znk)- (9.27)

n=1

K
Z TN (xn|p;, 25)
j=1

4. Evaluate the log likelihood

N K
np(X|p, E,m) = 3 In {mexnmk, zw} ©9.28)
k=1

n=1
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EM algorithm illustration
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atent variables - connection to
dimensionality reduction
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Manifold coordinates as Latent variables
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X1

{x1, x9} = {t cos(3 t), t sin(3 #)}
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Next

o PCA
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