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o Gradient of a scalar valued function f(x): x — (aanp . a‘%})
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Recap

o Gradient of a scalar valued function f(x): x — (aamfl "’%)

o Gradient of a vector valued function f(x) is called Jacobian:

oh . 94

VTfl a.'ﬂl an
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Vil | 0fm Bfm

8:61 617”
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MLP: Some Notation

@ wé.k is the weight connecting 5% neuron in I* layer and k** neuron in
(I —1)" layer
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MLP: Some Notation

bad

@ wé.k is the weight connecting 5% neuron in I* layer and k** neuron in
(I —1)" layer

layer 1 layer 2 layer 3
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MLP: Some Notation

@ bé is the bias of j*" neuron in I*" layer
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MLP: Some Notation sz

@ b; is the bias of j*" neuron in I*" layer

@ xé is the activation (output) of 5 neuron in I*" layer
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MLP: Some Notation sz

@ bé is the bias of j*" neuron in I*" layer

@ xé is the activation (output) of 5 neuron in I*" layer
@
_ 111 gl
= o (Y ey | + b))
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MLP: Some Notation sz

@ b; is the bias of j*" neuron in I*" layer

@ xé is the activation (output) of 5 neuron in I*" layer
@
Zw kxk 1y bl)

@ Vector of activations (or, biases) at a layer [ is denoted by a
bold-faced x' (‘or b') and W is the matrix of weights into layer
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MLP: Some Notation

@ sé- is the weighted input to j** neuron in I*" layer
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MLP: Some Notation D 5

Indian Institute of Technology Hyderabad

@ sé is the weighted input to j** neuron in I*" layer
1
j

1o d=1 4 gl
=D p Wity + b
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@ sé- is the weighted input to j** neuron in I*" layer
-1
@ s — Wixl-1 4 b
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MLP: Some Notation sz

@ sé is the weighted input to j** neuron in I*" layer
-1

@ sh=>% wékxk + b

&) Sl _ Wle—l + bl

@ o is the activation function that applies element-wise
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Gradient descent on MLP || Sh et

o Loss is L(W,b) = X, 1(F (s W; b), yn) = X, L(x*, y) (L is the
number of layers in the MLP)
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Gradient descent on MLP D ==

o Loss is L(W,b) = X, 1(F (s W; b), yn) = X, L(x*, y) (L is the
number of layers in the MLP)

o For applying Gradient descent, we need gradient of individual sample
loss with respect to all the model parameters

ln = l(f($na W7 b), yn)
Oly,

ol

2~ and for all layers [
Q) ®

oW, b
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Forward pass operation “ PR

2@ = WOy gy ) WERB @) ey WS (n) 2 (1) 2 W)

Formally, z(0) = x, f(z; W,b) = z(L)

O — OL0-1) 4 pO
Vi=1,....L {° v +b
2O = o (s0)
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Chain rule of differential calculus

o Core concept of backpropagation
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Chain rule of differential calculus "

o Core concept of backpropagation

Qo

(fog)(x)=f'(g9(x)) ¢ (x)
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Chain rule of differential calculus )

o Core concept of backpropagation

Qo

(fog)(x)=f'(g9(x)) ¢ (x)
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Chain rule of differential calculus

Dr. Konda Reddy Mopuri

The Chain Rule
dy dy du

dx du dx

d y Differentiate
__ [ outer function Differentiate
Keep the inside inner function
x the same

foml - 24/ Backpropagation
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z:-oécmxr-éasoa-.a % psens
Chain rule of differential calculus Il o s

o For any nested function y = f(g(x))
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o For any nested function y = f(g(x))
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Chain rule of differential calculus Il b tnss o

o For any nested function y = f(g(x))

o Ay = %AL
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z:-oécma-éasoa-.a 9 PEmens
Chain rule of differential calculus Il o s

o For any nested function y = f(g(x))

o W _ Of dyg(z)
dx og(z) dx
dy
°o Ay = ZAx
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Chain rule of differential calculus

o For any nested function y = f(g(x))
o 9y _ _Of dg(z)
dx og(z) dx
dy
°o Ay = ZAx
0 z=g(z) > Az = dig)Am

Dr. Konda Reddy Mopuri foml - 24/ Backpropagation
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Distributed Chain rule of differential caIcqu!l e o

@ y=f(o1(2),92(2),...,9m(x))
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Distributed Chain rule of differential caIcqu!l e o

@ y=f(o1(2),92(2),...,9m(x))

_ _9f dgi(x) af dga(x) of dgm(x)
@ =l " T o Tt ok
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@ y=f(o1(2),92(2),...,9m(x))

_ _9f dgi(x) af dga(x) of dgm(x)
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Distributed Chain rule of differential caIcqu!l e o

@ y=f(o1(2),92(2),...,9m(x))

_ _9f dgi(x) af dga(x) of dgm(x)
@ =l " T o Tt ok

@ Letgi(z) =2z > y= f(z1,22,...,2M)

@ Ay = Azl + Azz +.
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Distributed Chain rule of differential caIcqu!l e o

@ y=f(o1(2),92(2),...,9m(x))

_ _9f dgi(x) af dga(x) of dgm(x)
@ =l " T o Tt ok

@ Letgi(z) =2z > y= f(z1,22,...,2M)

@ Ay = 821 F Az + Azz +.

_ 0ofd af d Jaf d
Q@ Ay—Tad?A +822 dzngx—i_ +82M jgijx
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Distributed Chain rule of differential caIcqu!l
@ y=flo(z),92(2),...,9m (7))

o) dy _ _Of dgl(fﬁ) of d92($)+ o+ of dgm(x)

z = 9g1(@) T 9g2(@) da 99r (@) da
@ Letgi(z) =2z > y= f(z1,22,...,2M)
@ AyzazlAzl Z];AZQ—I—...—i—a(Z@AzM

0z1 dx Oz dx Ozy dx

e} dg1(z le] dga(z 0 d T
@ Ay= 2N 4 UL B DNy 4 4 GO WM,

_( _8f da(x) | 8f dgax of _dgm(z) \ A .
o Ay - (891{z) gclli ) + 892{z) g;i ) t...ot 8ng(z) gZIx )A‘I
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Chain rule of differential calculus

sin(x2 e £ 9
® f(z) = e ™) let's find 9L
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Chain rule of differential calculus

g=uzy
f=g+=
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Chain rule of differential calculus

g=uzy
f=g+=
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Chain rule of differential calculus

g=uzy
f=g+=
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Chain rule of differential calculus

g=uzy
f=g+=
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o8ad Modas e %08 el
Chain rule of differential calculus Il B

g=uxy
f=g+%
flx,y,2) =2y +2

L=(f-t7?

t = —4 (for this input)
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o8ad Modas e %08 el
Chain rule of differential calculus Il B

g=uzy
f=g+=
flx,y,2) =2y +2

L=(f-1)
= —4 (for this input)
JL
, FT i 2(f-1t)
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Chain rule of differential calculus

g=uzy
f=g+%
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Chain rule of differential calculus
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Chain rule of differential calculus

g=uzy
f=g+%
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Chain rule of differential calculus
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o8ad Modas e %08 el
Chain rule of differential calculus Il B

of _ g=u1y

f=g+=
flx,y,2) =2y +2

oL _
dg

oL 9}
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Chain rule of differential calculus

g=uzy
f=g+%
g flzy,z)=zy+2
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Chain rule of differential calculus

g=uzy
f=g+%
g flzy,z)=zy+2
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Chain rule of differential calculus Il o s

g=uzy
f=g+%
g flzy,z)=zy+2
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Chain rule of differential calculus Il o s

g=uzy
\f:g+z
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Chain rule of differential calculus Il o s

g—l g=1ry
0z  T~f=g+=z
A gl fl@yz) =2y +z
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Chain rule of differential calculus Il o s

g=uzy
f=g+%
g flzy,z)=zy+2

2/2—5:—2 _—
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o8ad Modas e %08 el
Chain rule of differential calculus Il B

g=1ry
E:? f:g+z
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Chain rule of differential calculus

g=u1y

oL _oLoy
dr  dg dx f =g+=z
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Chain rule of differential calculus

~— g=uy

oL _oLoy
dr  dg dx f =g+=z
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Chain rule of differential calculus

99 _
oL _9Ldy "
dr  dg dx f =g+=z

~— g=uy
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o8ad Modas e %08 el
Chain rule of differential calculus Il B

g=umy
o = f=g+z
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o8ad Modas e %08 el
Chain rule of differential calculus Il B

g=uy
or _ f=g9+=
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o8ad Modas e %08 el
Chain rule of differential calculus Il B

g=umy
o = f=g+z
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Gradient Flow
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Gradient Flow

aL 0L dg

X Jr ~ dg dr
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Gradient Flow

aL L'Jq
X dr |g|or
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Gradient Flow

Dr. Konda Reddy Mopuri

Upstream
Gradient
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Gradient Flow

Dr. Konda Reddy Mopuri

Upstream
Gradient
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Gradient Flow

Downstreal
Gredlenlm\\‘ IL

Upstream
Gradient
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Chain rule of differential calculus for af MEP:=-.

Jinofn 10 1) =T inUn_1Cf1@))  Tin 1 (PG fr@) - T ha(f1 () " I 11 ()

Jf(x) is Jacobian of f computed at x.
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Consider a specific Layer “ e

w® p®

Q x(l_l) S(l) i) :L'(l)
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Consider a specific Layer “ e

w® p®

o -1 WP @) 2y )
o 2l = o(s{")
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Consider a specific Layer

w® p® -
o -1 Wb @) o ()
0 _ o(s (l))

OIE

o Since s influences loss £ through only (¥,

ot ot o ot (s
os! 0z s aLl
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Consider a specific Layer )

W p® o
o -1 Wb @) o ()
oz = a(sl(-l))

7

©

Since s() influences loss £ through only (¥,

ot ot o ot (s
os! 0z s aLl

O — 5, 00D 4 0
=2, Wa ™ 4
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Consider a specific Layer )

w® p® -
o -1 Wb @) o ()

= os)

7

©

X

©

Since s() influences loss £ through only (¥,

ot ot o ot (s
835»” axgl) 831@ 83:1(1) ’

O — 5, 00D 4 0
=2, Wa ™ 4

o Since 1) influences the loss £ only through s,

ot ot sl o )
P NP N O
z; 0s;” Ox; 0s
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@ p®
(1-1) Wb

°x s % 2@
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We need gradients wrt parameters W and bIl e

o (-1 —>W(l)’b(l) s Zy 20
° W(l-) and b influence the loss through s via

<z> = 5, w0l 4 50,
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We need gradients wrt parameters W and bIl

@ p®
(1-1) Wb

°x s % 2@

° W(l-) and b influence the loss through s via
s

§z> £, W 0z0D 4 50,

Qo
o _ ot 9 ot qo 1
ow® a5V oD g0
©,] i %,
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We need gradients wrt parameters W and bI

@ p®
(1-1) Wb

°x s % 2@

° W(l-) and b influence the loss through s via

<z> = 5, w0l 4 50,
Qo
o _ ot 9 ot qo 1
ow) as ow) 951
Qo
o o0 9st o )
on)  as opl)  as )

Dr. Konda Reddy Mopuri foml - 24/ Backpropagation 45



26bab 0888 dend H0% PaTenl

Indian Institute of Technology Hyderabad

Summary of Backprop

o From the definition of loss, obtain %
T;
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Summary of Backprop |

o From the definition of loss, obtain %
T;

o Recursively compute the loss derivatives wrt the activations

o0 _ ot 0/( (l)) and

l)
SHTEN
855” c%cgl) (

Si

(l D)
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Summary of Backprop |

o From the definition of loss, obtain %
T;

o Recursively compute the loss derivatives wrt the activations

o _ o O] _ (l)
950 a“)U( ) and <z 7= 2 (
i
o Then wrt the parameters
az _ _oe (-1 _ ot
W@ = 5,0 and g ) sV
z J k3 (3
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Jocobian in Tensorial form

Oy 1
81‘1 e 6mN

o 1 : RN = RM then {g—ﬂ: : ) :
Y Y

ox1 e oxr N
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Jocobian in Tensorial form

91
Ox1
o 1 RN = RM then [3] = |
Y
o0x1
oY
w1
0 ¢ : RNXM 5 R then H%”: :
oy
81[)]\]71

Y1

8mN

Y
oxr N
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(-1 0 o x0
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Goal of Backward Pass

Dr. Konda Reddy Mopuri

I

ol
Ow ()

/]

wi

x0
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Begin from succeeding layer “ O

wo N0
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wo N0
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Begin from succeeding layer “ O

wo N0

Dr. Konda Reddy Mopuri foml - 24/ Backpropagation 52



26bab 0888 dend H0% PaTenl
Indian nstitute of Technology Hyderabad

Begin from succeeding layer

wo b0 [ -
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Begin from succeeding layer

[zew]] || =] [556]
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Update the parameters “

@ WO =W —n|[5if5]] and b = b0 — 5G]
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Observations ll v

o BP is basically simple: applying chain rule iteratively
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o BP is basically simple: applying chain rule iteratively
o It can be expressed in tensorial form (similar to the forward pass)

o Heavy computations are with the linear operations
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n6Bad odas e %08 Povers
H WWW
Observations ll v

©

BP is basically simple: applying chain rule iteratively

©

It can be expressed in tensorial form (similar to the forward pass)

o Heavy computations are with the linear operations

©

Nonlinearities go into simple element wise operations
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Observations

©

BP is basically simple: applying chain rule iteratively

©

It can be expressed in tensorial form (similar to the forward pass)

o Heavy computations are with the linear operations

©

Nonlinearities go into simple element wise operations

©

BP Needs all the intermediate layer results to be in memory
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Observations

©

BP is basically simple: applying chain rule iteratively

©

It can be expressed in tensorial form (similar to the forward pass)

©

Heavy computations are with the linear operations
Nonlinearities go into simple element wise operations

BP Needs all the intermediate layer results to be in memory

© © o

Takes twice the computations of forward pass

Dr. Konda Reddy Mopuri foml - 24/ Backpropagation 56



26bab 0888 dend H0% PaTenl

Indian Institute of Technology Hyderabad

Beyond MLP

o We can generalize MLP

21 = f(x; W, b)

Layer 1 Layer L

To an arbitrary Directed Acyclic Graph (DAG)
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Forward pass in the computational gra%

wih)

x© = x

oM

x(

u
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f(x)=x®
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Forward pass in the computational graﬂwm

wih)

o xM f(x)=x®
x0 = x
0 z(0 =¢
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Forward pass in the computational gra%

wih)

o xM f(x)=x®
x© =x |t
[+] :Z:(O) =
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o 1]
Forward pass in the computational graﬂf“*”

wih)

f(x)=x®

X0 = x |t
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Notation: Jacobian of a general transformatu s

if (a1...ag) = ¢(b1...bR) then we use the notation (3)

8(11 8G,Q
oby te ob1
Oal| _ 7T _ . . .
(] =sf=|: -~ (4)
day dag
Obgr Tt Obgr
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Notation: Jacobian of a general transformatu

Qo
if (a1...ag) = ¢(b1...bR) then we use the notation
day dag
by b1
da| _ 7T _ . .
=7 =] :
day dag
Obr Obr
Q
if (a1...ag) = ¢(b1...br;c1...cg) then we use the notation
Qay daq
oc1 dc1
9] _ T _ | . )
Oc Plc : :
a(ll 6(1@
0Cg dcg

Dr. Konda Reddy Mopuri

foml - 24/ Backpropagation

z:-oécm odas e 903 sl

vrmﬁ?z?rd!?
of Technology Hyderabad

(3)

(4)

(5)

(6)
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Backward pass

wt)

oM x( @

xO = x 0@ x

; o¢
o From the loss equation, we can compute {W}
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f(x)=x®
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Backward pass B

wt)

o0 XM 0@ f(x)=x®

xO = x 0@ x

; o¢
o From the loss equation, we can compute {W}

Qo
ot ] _ [0a®] [ 0t ] _ 4T ot
92 | = |02@ | (82 | T Y@z |52
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Backward pass B

wt)

o0 XM 0@ f(x)=x®

xO = x 0@ x

m i L4

o From the loss equation, we can compute {W}

Qo
{ ot } [aw(m} [ o } JT [ ot }
0z 0z | 923 $® |z | 9z

[7et] = [8’“(?’)} (et | + [52m] [52to
Ox(1) 9z | | 0z®) 92D | | 92D
+J oL

(7,5(3)‘1(1) 61(3) (2)|z(1) (933(2>
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Backward pass B

wt)

o0 XM 0@ f(x)=x®

xO = x 0@ x

ot 0x(3) 4+ |82 | | _o¢

ol
¢<3)|u)<1 |:8x(3):| (1)|u)<1 I:am(l):|
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Backward pass B

wt)

o0 XM 0@ f(x)=x®

xO = x 0@ x

ot 9z (3) 4+ |82 | | _o¢

_ ol

oL _ | 622 ol J o4
ow®@ | T | 5uw® 9z | T Y@ |w®@ | 522

Dr. Konda Reddy Mopuri foml - 24/ Backpropagation 61




