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Recap

Gradient of a scalar valued function f(x): x →
(
∂f
∂x1

, . . . , ∂f
∂xD

)

Gradient of a vector valued function f(x) is called Jacobian:
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MLP: Some Notation

1 wljk is the weight connecting jth neuron in lth layer and kth neuron in
(l − 1)st layer

2
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MLP: Some Notation

1 blj is the bias of jth neuron in lth layer

2 xlj is the activation (output) of jth neuron in lth layer
3

xlj = σ
( ∑

k

wljkx
l−1
k + blj

)
4 Vector of activations (or, biases) at a layer l is denoted by a

bold-faced xl ( or bl) and W l is the matrix of weights into layer l
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MLP: Some Notation

1 slj is the weighted input to jth neuron in lth layer

2 slj =
∑
k w

l
jkx

l−1
k + blj

3 sl = W lxl−1 + bl

4 σ is the activation function that applies element-wise
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Gradient descent on MLP

Loss is L(W,b) =
∑
n l(f(xn;W,b), yn) =

∑
n l(xL, yn) (L is the

number of layers in the MLP)

For applying Gradient descent, we need gradient of individual sample
loss with respect to all the model parameters

ln = l(f(xn;W,b), yn)

∂ln
∂W

(l)
jk

and ∂ln
∂b(l)

j

for all layers l
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Forward pass operation

x(0) = x
W (1),b(1)

−−−−−−−→ s(1) σ−→ x(1) W (2),b(2)
−−−−−−−→ s(2) . . . x(L−1) W (L),b(L)

−−−−−−−→ s(L) σ−→ x(L) = f(x;W, b)

Formally, x(0) = x, f(x;W,b) = x(L)

∀l = 1, . . . , L
{
s(l) = W (l)x(l−1) + b(l)

x(l) = σ(s(l))
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Chain rule of differential calculus

Core concept of backpropagation

(f ◦ g)′(x) = f ′(g(x)) · g′(x)

∂

∂x
f(g(x)) = ∂f(a)

∂a

∣∣∣∣
a=g(x)

· ∂g(x)
∂x
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Chain rule of differential calculus
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Chain rule of differential calculus

For any nested function y = f(g(x))

dy
dx = ∂f

∂g(x)
dg(x)
dx

∆y = dy
dx∆x

z = g(x) → ∆z = dg(x)
dx ∆x

y = f(z) → ∆y = df
dz∆z = df

dz
dg(x)
dx ∆x = df

dg(x)
dg(x)
dx ∆x
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Distributed Chain rule of differential calculus
1 y = f(g1(x), g2(x), . . . , gM (x))

2 dy
dx = ∂f

∂g1(x)
dg1(x)
dx + ∂f

∂g2(x)
dg2(x)
dx + . . .+ ∂f

∂gM (x)
dgM (x)
dx

3 Let gi(x) = zi → y = f(z1, z2, . . . , zM )

4 ∆y = ∂f
∂z1

∆z1 + ∂f
∂z2

∆z2 + . . .+ ∂f
∂zM

∆zM

5 ∆y = ∂f
∂z1

dz1
dx ∆x+ ∂f

∂z2
dz2
dx ∆x+ . . .+ ∂f

∂zM

dzM
dx ∆x

6 ∆y = ∂f
∂g1(x)

dg1(x)
dx ∆x+ ∂f

∂g2(x)
dg2(x)
dx ∆x+ . . .+ ∂f

∂gM (x)
dgM (x)
dx ∆x

7 ∆y =
(

∂f
∂g1(x)

dg1(x)
dx + ∂f

∂g2(x)
dg2(x)
dx + . . .+ ∂f

∂gM (x)
dgM (x)
dx

)
∆x
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Chain rule of differential calculus

1 f(x) = esin(x2), let’s find ∂f
∂x
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Chain rule of differential calculus
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Chain rule of differential calculus
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Chain rule of differential calculus
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Gradient Flow
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Gradient Flow
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Gradient Flow
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Gradient Flow
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Gradient Flow
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Gradient Flow
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Chain rule of differential calculus for an MLP

JfN ◦fN−1◦...f1(x) = JfN (fN−1(...f1(x))) · JfN−1(fN−2(...f1(x))) . . . · Jf2(f1(x)) · Jf1(x)

Jf(x) is Jacobian of f computed at x.
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Consider a specific Layer

x(l−1) W (l),b(l)
−−−−−→ s(l) σ−→ x(l)

x
(l)
i = σ(s(l)

i )
Since s(l) influences loss L through only x(l),

∂ℓ

∂s
(l)
i

= ∂ℓ

∂x
(l)
i

∂x
(l)
i

∂s
(l)
i

= ∂ℓ

∂x
(l)
i

σ′(s(l)
i )

s
(l)
i = ΣjW

(l)
i,j x

(l−1)
j + b

(l)
i

Since x(l−1) influences the loss L only through s(l),

∂ℓ

∂x
(l−1)
j

= Σi
∂ℓ

∂s
(l)
i

∂s
(l)
i

∂x
(l−1)
j

= Σi
∂ℓ

∂s
(l)
i

W
(l)
i,j
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x
(l)
i = σ(s(l)

i )
Since s(l) influences loss L through only x(l),

∂ℓ

∂s
(l)
i

= ∂ℓ

∂x
(l)
i

∂x
(l)
i

∂s
(l)
i

= ∂ℓ

∂x
(l)
i

σ′(s(l)
i )

s
(l)
i = ΣjW

(l)
i,j x

(l−1)
j + b

(l)
i

Since x(l−1) influences the loss L only through s(l),

∂ℓ

∂x
(l−1)
j

= Σi
∂ℓ

∂s
(l)
i

∂s
(l)
i

∂x
(l−1)
j

= Σi
∂ℓ

∂s
(l)
i

W
(l)
i,j
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We need gradients wrt parameters W and b

x(l−1) W (l),b(l)
−−−−−→ s(l) σ−→ x(l)

W
(l)
i,j and b(l) influence the loss through s(l) via

s
(l)
i = ΣjW

(l)
i,j x

(l−1)
j + b

(l)
i ,

∂ℓ

∂W
(l)
i,j

= ∂ℓ

∂s
(l)
i

∂s
(l)
i

∂W
(l)
i,j

= ∂ℓ

∂s
(l)
i

x
(l−1)
j (1)

∂ℓ

∂b
(l)
i

= ∂ℓ

∂s
(l)
i

∂s
(l)
i

∂b
(l)
i

= ∂ℓ

∂s
(l)
i

(2)
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Summary of Backprop

From the definition of loss, obtain ∂l

∂x
(l)
i

Recursively compute the loss derivatives wrt the activations

∂ℓ

∂s
(l)
i

= ∂ℓ

∂x
(l)
i

σ′(s(l)
i ) and ∂ℓ

∂x
(l−1)
j

= Σi
∂ℓ

∂s
(l)
i

w
(l)
i,j

Then wrt the parameters
∂ℓ

∂w
(l)
i,j

= ∂ℓ

∂s
(l)
i

x
(l−1)
j and ∂ℓ

∂b
(l)
i

= ∂ℓ

∂s
(l)
i
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Jocobian in Tensorial form

ψ : RN → RM then
[
∂ψ
∂x

]
=


∂ψ1
∂x1

. . . ∂ψ1
∂xN

...
. . .

...
∂ψM
∂x1

. . . ∂ψM
∂xN



ψ : RN×M → R then
[[
∂ψ
∂x

]]
=


∂ψ
∂w1,1

. . . ∂ψ
∂w1,M

...
. . .

...
∂ψ

∂wN,1
. . . ∂ψ

∂wN,M


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Forward Pass
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Goal of Backward Pass

Dr. Konda Reddy Mopuri foml - 24/ Backpropagation 49



Begin from succeeding layer
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Begin from succeeding layer
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Begin from succeeding layer
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Begin from succeeding layer
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Begin from succeeding layer
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Update the parameters

W (l) = W (l) − η
[[

∂ℓ
∂w(l)

]]
and b(l) = b(l) − η

[
∂ℓ
∂b(l)

]
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Observations

BP is basically simple: applying chain rule iteratively

It can be expressed in tensorial form (similar to the forward pass)
Heavy computations are with the linear operations
Nonlinearities go into simple element wise operations
BP Needs all the intermediate layer results to be in memory
Takes twice the computations of forward pass
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Beyond MLP
We can generalize MLP

To an arbitrary Directed Acyclic Graph (DAG)
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Forward pass in the computational graph

x(0) = x

x(1) = ϕ(1)(x(0);w(1))
x(2) = ϕ(2)(x(0), x(1);w(2))
f(x) = x(3) = ϕ(3)(x(1), x(2);w(1))
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Notation: Jacobian of a general transformation

if (a1 . . . aQ) = ϕ(b1 . . . bR) then we use the notation (3)

[
∂a
∂b

]
=JTϕ =


∂a1
∂b1

. . .
∂aQ

∂b1
...

. . .
...

∂a1
∂bR

. . .
∂aQ

∂bR

 (4)

if (a1 . . . aQ) = ϕ(b1 . . . bR; c1 . . . cS) then we use the notation (5)

[
∂a
∂c

]
=JTϕ|c =


∂a1
∂c1

. . .
∂aQ

∂c1
...

. . .
...

∂a1
∂CS

. . .
∂aQ

∂cS

 (6)
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Backward pass

From the loss equation, we can compute
[

∂ℓ
∂x(3)

]

[
∂ℓ

∂x(2)

]
=

[
∂x(3)

∂x(2)

] [
∂ℓ

∂x(3)

]
= JTϕ(3)|x(2)

[
∂ℓ

∂x(3)

]
[

∂ℓ
∂x(1)

]
=

[
∂x(3)

∂x(1)

] [
∂ℓ

∂x(3)

]
+

[
∂x(2)

∂x(1)

] [
∂ℓ

∂x(2)

]
=JTϕ(3)|x(1)

[
∂ℓ

∂x(3)

]
+ JTϕ(2)|x(1)

[
∂ℓ

∂x(2)

]
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Backward pass

[
∂ℓ

∂w(1)

]
=

[
∂x(3)

∂w(1)

] [
∂ℓ

∂x(3)

]
+

[
∂x(1)

∂w(1)

] [
∂ℓ

∂x(1)

]
=JTϕ(3)|w(1)

[
∂ℓ

∂x(3)

]
+ JTϕ(1)|w(1)

[
∂ℓ

∂x(1)

]

[
∂ℓ

∂w(2)

]
=

[
∂x(2)

∂w(2)

] [
∂ℓ

∂x(2)

]
= JTϕ(2)|w(2)

[
∂ℓ

∂x(2)

]
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Backward pass
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