Foundations of Machine L earning
Al2000 and AIS000

FoML-13
Probabilistic Generative Models - Continuous features

Dr. Konda Reddy Mopuri
Department of Al, IIT Hyderabad
July-Nov 2025

680 038 Dapd H0Y PETers ] | L
TR senfiast <ver tevmEe Data-driven Infelligence

Indian Institute of Technology Hyderabad & Learning Lab



https://krmopuri.github.io/foml25/
https://krmopuri.github.io/foml25/
https://krmopuri.github.io

So far in FoML

e What is ML and the learning paradigms

e Probability refresher

e MLE, MAP, and fully Bayesian treatment

e Linear Regression with basis functions - regularization & model
selection

e Bios-Variance Decomposition/Tradeoff (Bayesian Regression)

e Decision Theory - three broad classification strategies
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Probabilistic Generative Models
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Probabilistic Generative Models (K=2)

7/
e Goalisto recover
Class conditional densities - f( X/CW—>

Prior densities - ( C/ﬂ—)
P oty - PR B

— Joint distribution -

o O (@) (@)

— Posterior distribution

NX/DO PLCr)
PO =TT ) Do+ I PG
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Probabilistic Generative Models (K=2)

p(x|Cr)p(C1)
PG = SRICIHC) + p(xICa)p(Co)
= T exl (—a) = g(a) . p(x|C1)p(C1)
P 7 p(x[C2)p(C2)

Loyithe gﬁ‘“‘”;‘l (o)

Logit function (log odds)
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Logistic Sigmoid =

>
e o)) O\ﬁ (&) — 1
pLGfR) =0
05 N ) — 0
plep) =1
6 -2 -2 0 2 46 5O
e S-shaped o(—a)=1-—o0(a)

e Squashing function

— (o) = ('(0‘3[/"0—&)]
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Probabilistic Generative Models (K>2)

e For multiple classes

J&N pl Loy ay = )n[ﬂx/qc)ﬂ&c)]
e )
9=

G

e
Pl = S
5
Z
(=)
Normalized exponential (multiclass generalization of sigmoid)

/
° Also, known as ‘softmax’ jo L
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et's choose specific forms for the
class conditional densities
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Class conditional densities: Continuous i/p

e Gaussian class conditional densities

11 1 -
PXIC) = o s o { 50— B0 ) |

vl PO =)

e Assume shared covariance matrix

27(: 2 )VL r=l,-\C
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Class conditional densities: Continuous i/p
_ ) ZM

e 2 classes case a =

p|%/ey)- Pll2)
Y/ 165) PAXI plan
Cux) — plXen P1 e (B
PUATE) = p (W) ) PIE) PUCY) N
- "J:Z_ Y P[*fei)=n W“‘fi>
I+ e
le‘}
"L (x-pTS (x=p) +L =Y £ (’“F"”)J + ln ol pPla
)j & /éf _ 2, ’EA’\“ x [C}D’)
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Class conditional densities: Continuous i/p

e 2closses case o
e Shared covariance —|Linear Discrimino@ond Generalized linear
model | pLa) >)=Plea)x)
_ De A WIN bound ov
w o= X7 (u; — ) o :.,my
l ro-1 | P(Cl) =0
= ——u, % — o 2 In ——=.
w/o o M1 K1+ o H2 Ho + np(Cg) lon =)y
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Class conditional densities: Continuous i/p
Pra™)

Left: Gaussian class conditional densities Right: Posterior Probability for the Red class (logistic sigmoid of a linear function
of i/p x)
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Class conditional densities: Continuous i/p

e General case (K>2)

wi = X7,
1 _
Wko = —iﬂgz ", + Inp(Cr)
q‘a 60\\,_.—\- MS\(
e
siykeox Kooy e oy o
S e Z e
J 3=
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Class conditional densities: Continuous i/p

General case (K>2)

2.5
2t
1.5}
1t

-15¢}
M
. . —).
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-2 - 0 1 5 2 1 0 1 2

Left: Gaussian class conditional densities (G and R have same covariance but B different) Right: Posterior Probabilities for
the all the classes (corresponding RGB vector components)
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Maximum Likelihood
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LDA: MLE for K=2

e Datasetiinput X = {xl, " ,XN}

Binary targets t = {t17 .y } bn - %°r ’?
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LDA: MLE for K=2

e Gaussian conditional densities P(XICk) = 5y D7a [sire exp{%(x — ) T2 (x — )}

e Use MLE to estimate
-se MLE to estimate
P(X/C/z)

o u,X,and priors p(C,)

o Denmr‘@ond@ P

Forx_ witht =1 p(x,,C1) = ?[x‘”)b;) Ples)

For x_ witht =0: p(xn, C2) = F[Xn)g>> P(CJQ
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LDA: MLE for K=2

The likelihood is given by (assuming iid datq)

X N
p(tim, s, 13, 3) = [ [N (alias, DI (1 = M (o, D]

) N
- / P (*~ k) /\ Plxalte) 7(kn)
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LDA: MLE for K=2

Consider the log likelihood

N
Inp(t, X/, u1, po, X) = Z tolnm 4+ t, InN(x,/p1, X)+

n=1

(1—ty)In(1—7)+ (1 —t,) InN(x,/ 12, %)
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LDA: MLE for K=2
Inp(t,X/m, p1, p2, X) = Ztn In7 + t, In N (x,,/p1, )+

Estimate for x a1
(1—t,)In(1—7)+ (1 —t,) InN(xp/1i2,%)
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LDA: MLE for K=2
Inp(t,X/m, p1, p2, X) = Ztn In7 +t, In N (x,,/p1, )+

Estimate for u -
1 (1—t,)In(1—7)+ (1 —t,) InN(xp/ /12, %)

leNilﬁ:tnxn
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LDA: MLE for K=2
Inp(t,X/m, p1, p2, X) = Ztn In7 +t, In N (x,,/p1, )+

Estimate for u -
‘ (1—t,)In(1—7)+ (1 —t,) InN(xp/ /12, %)

1 N
2_FZ (1—ty)
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LDA: MLE for K=2
Inp(t,X/m, p1, p2, X) = Ztn In7 +t, In N (x,,/p1, )+

Estimaote for © —
(1—t,)In(1—7)+ (1 —t,) InN(xp/ /12, %)

+

N 1
XML = Wl [EZN 1tn (%n — pa, ML) (Xn — p1,mn)”

N.
N2 [N SN (1 —tn)(Xp — p2mrn) (%n — pomL)”

Weighted average of the sample covariances
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LDA: MLE for K=2

The ML solutions
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LDA: MLE for K=2

The posterior for a new data point X

p(C1/x") = o(wy X' +wo ML)

WML = EJ_\JlL (Hl,ML — ,U2,ML)

TML

_ 1, T -1 1.T -1
Wo,ML = _5#1,MLZML/~L1,ML + 5#2,MLZML/”L2,ML +In 1—7mr
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Next
PGM for discrete data
Discriminant Functions
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